Inquiry-based learning (IBL) is a more student-centered approach to mathematics teaching that is recommended by many policy and curriculum documents across Europe. However, it is not easy for teachers to change from a more teacher-centered way of teaching to inquiry-based teaching as this involves a change of their role in class. Professional development courses are one way to help teachers with this endeavor. Within the discussion of effective professional development, beliefs are often named as an important influencing factor. In this respect, much research has been carried out on how beliefs on mathematics teaching impact the outcomes of the course. However, there has been much less research on what beliefs mathematics teachers develop on inquiry-based learning and how this might impact their (perceived) classroom teaching. Therefore, this paper presents an international research study carried out within the European Project Primas, in which professional development courses on inquiry-based learning were conducted in 12 countries. Using the case-study approach, this paper aims at answering the following questions: 1. What kind of beliefs about IBL do mathematics teachers across Europe develop? 2. How do these beliefs relate to teachers' perceived enactments of IBL?
Introduction
Europe faces an alarming decline in young peoples' interest in mathematics and science (Rocard et al., 2007) . As one consequence, a well-known European report, the Rocard's report (Rocard et al., 2007) recommended inquiry-based learning (IBL) as opposed to teacher-centered transmission-based teaching. This led the EU to fund research projects to promote the implementation of IBL in day-to-day math and science classes-here we focus on mathematics. One reason for these financial grants was that it is by no means straight-forward for teachers to change their way of teaching from a transmission-based way to a student-centered way like IBL. IBL seems to be a particular challenge to teachers' beliefs about mathematics teaching, as IBL requires a change of role in class. The teacher's role changes from a transmitter of knowledge to a moderator of learning processes (Swan, 2005 (Swan, , 2007 as a closer look on the two teaching approaches reveals:
In transmission-based mathematics classes the teacher points out what must be observed, provides the questions, demonstrates the methods to be used, checks results, and so on while students are left only to employ well-rehearsed procedural techniques (Mullis, Martin & Foy, 2008; Stigler, Gonzales, Kawanaka, Knoll & Serrano, 1999) .
In IBL lessons students are invited to observe phenomena and create their own questions, select mathematical approaches; carry out hands-on experiments, create representations to clarify relationships, seek explanations, interpret and evaluate solutions, and communicate their solutions (Dorier & Maass, 2012) . This process is cyclic in nature (Artigue & Blomhoej, 2013) and we refer to it here as the inquiry circle.
Thus, if we want teachers to change their way of teaching, they need support. One means of providing this support is professional development (PD). Southerland, 2009; Barzel & Selter, 2015) . These criteria include among others, that PD should take into account all facets of teachers' competences and also foster teachers' self-reflection on their beliefs about mathematics teaching. The latter seems to be particularly important, as research has shown that these beliefs have an important impact on what a teacher actually implements in their day-to-day teaching (Roesken-Winter, Schüler, Stahnke & Blömeke, 2015) .
In relation to IBL and the above mentioned challenges teachers face, we have to be aware that the "task of preparing teachers for inquiry teaching is much bigger than the technical matters [...] the matter must be addressed [...] at a level that includes central attention to beliefs and values." (Anderson, 2002, p. 8) .
We know that teachers' beliefs on mathematics teaching in general range from considering mathematics teaching as explaining mathematical rules and algorithms and students' mastering well-rehearsed examples to considering mathematics as problem-solving and supporting their students in solving these problems (Maass, 2009 , Pehkonen & Törner, 1996 . Additionally, we know that teachers' prior beliefs on mathematics teaching influence their perceived enactment of a more student-centered way of teaching (Maass, 2011) . In relation to mathematical modeling, a student-centered teaching approach with many common features to inquiry-based learning (cf. Artigue & Blomhoej 2013) , Maass (2011) identified two types of teachers who argued for or against modeling in relation to their prior beliefs. Apparently, teachers with more transmission-based beliefs about mathematics teaching perceive more challenges for the implementation of modeling and find more reasons for not implementing it than teachers focusing on students' acquiring problem-solving competences.
In this paper we focus on another type of belief which seems to be equally important regarding teachers' implementation of IBL, namely the beliefs teachers develop about the teaching approach concerned, in this case IBL. We do not know much about mathematic teachers' beliefs on IBL. There are some small-scale national studies in science education (Panjwani, 2015 , Marshall & Smart, 2013 ) that lead to the conclusion that teachers' interpretation of IBL can be very different from the conveyed definition of IBL, meaning that the intended outcome is very different from the real outcome. We know even less on how this might impact the enactment in the classroom. And more importantly, we know almost nothing about the respective situation in mathematics education. In contrast to science, pure mathematics is deductive and is not necessarily connected to reality. Therefore mathematics has specific characteristics which can influence teachers' beliefs on mathematics teaching (Maass, 2009) . Consequently, the question of how mathematics teachers interpret IBL after a PD course seems to be a vital question for their implementation of IBL and it has not been answered yet.
This paper aims to close this gap. We will present a research study which examined the beliefs of 17 mathematics teachers about inquiry-based learning who took part in PD courses across Europe. The PD course aimed at supporting mathematics (and science) teachers in implementing IBL in their day-to-day teaching. The course design followed research-based criteria for PD. The explorative evaluation of case-studies from 17 mathematics teachers across 11 countries allowed us to gain in-depth insights into their interpretations of IBL. Therefore, in this paper we focus on the following explorative research questions: 1) What beliefs about IBL did mathematics teachers across Europe develop?
2) How do these beliefs relate to teachers' perceived enactments of IBL?
The research study was carried out within the project Primas (Promoting inquiry in mathematics and science education across Europe). Primas was one of the first projects within the Seventh Framework Program of the EU, which received funding following on from the Rocard-Report (Rocard et al., 2007) . In Primas, between 2010 and 2013, 14 universities from 12 countries (Cyprus, Denmark, England, Germany, Hungary, Malta, Netherlands, Norway, Romania, Slovakia, Spain, Switzerland) worked together to promote the implementation of IBL in mathematics and science. Primas developed materials for direct use in class and for PD. In addition, the project ran PD activities in each of the partner countries (see Maass & Doorman, 2013) .
Theoretical Background

Inquiry-based Learning (IBL)
Historically, the importance of inquiry in education is generally attributed to the American educator John Dewey (1859 Dewey ( -1952 . He saw the importance of inquiry in a child's attitude towards science (Dewey, 1916 ). Dewey's perspective on education implies a practice of teaching based on projects closely linked to students' lives and interests, and to the development of inquiring minds. In the times of Dewey, IBL concerned sciences rather than mathematics. In relation to science, one major event was the publication of the National Science Education Standards in the USA in 1996 (National Research Council, 1996) . From there, a wide spectrum of IBL approaches developed (Barrow, 2006) , with various definitions that the revised National Science Education Standards (NSES) in 2000 tried to summarize in five points (National Research Council, 2000, p 27 ):
• students
• students Summing up, we do not assume a linear connection between beliefs and classroom practices but acknowledge a connection within a large system of connected factors. Nowadays, "The importance of beliefs for the teaching and learning of mathematics is widely recognized among mathematics educators." (Roesken, Pepin, & Törner 2011, p. 451) .
Unfortunately, beliefs are often hard to change (Törner, 2002) , or as Sowder (2007) said, ''… many of teachers' core beliefs need to be challenged before change can occur'' (p. 160). Therefore, it seems to be important to not only look at the beliefs teachers hold on mathematics teaching in general, but also at those beliefs teachers develop on a new teaching approach when participating in a professional development course. Unfortunately, so far we only know little about what beliefs mathematics teachers develop about IBL. However, there are some national small scale studies in science education which we will discuss in the following.
Apparently, many science teachers interpret IBL as doing experimental work without any interference by the teacher (Haagen-Schützenhöfer, Rath, & Rechberger, 2017; Huang, 2015) . When we look specifically at the impact of PD on science teachers' interpretations of IBL, we find different results. Huang's study (2015) indicated that the teachers' beliefs on IBL are close to the intended outcome of the PD, which aimed at conveying a picture of IBL as a knowledge building process. As opposed to this, Panjwani's work (2015) , which analyzed five science teachers in a qualitative interview study at an international school in Norway, indicated that teachers' beliefs on IBL after the PD differed from the given IBL definition. For example, in their interpretation of IBL, teachers highlighted as an aim students' motivation, but when planning their lesson they often chose teaching examples with a focus on content. This is also in line with the results of Marshall and Smart (2013) . They analyzed three cases of science teachers in the USA. Their results pointed to the fact that teachers' IBL interpretation rank from rather superficial understandings with missing specifity to a consistent understanding well-aligned with the given definition. One possible reason for this discrepancy between teachers' understanding of IBL and the conveyed definition of IBL might be found in the complex nature of the IBL teaching approach (Marshall & Smart, 2015) .
When we look at mathematics instead of science we also have to take into account the specific nature of mathematics as a deductive science. Due to its specifities, hands-on activities or inductive conclusions have a less prominent role in mathematics (education) than in science (education). Therefore, the challenge of developing an appropriate interpretation about IBL might be even bigger for mathematics teachers than for science teachers. It is therefore important to have a closer look at the beliefs mathematics teachers develop about IBL in order to close this knowledge gap.
Professional Development of Teachers and Implementation in Primas
The term teacher professional development relates to growth in teachers' content knowledge (knowledge about the subject), pedagogical content knowledge (knowledge about how to teach the subject), and pedagogical knowledge (Shulman, 1986) . PD also includes teachers' classroom practice (Clarke & Hollingsworth, 2002) , as well as their beliefs, motivation, and competence in self-reflection (Baumert & Kunter, 2013) . Within the interconnected model professional (Clarke & Hollingsworth, 2002, see 2. 2) growth can start at any point and ideally involves all four aspects. All growth is situated in an environment of change and therefore, this context influences development. This model shows that PD has to take into account all these facets but as opposed to the linear models of connections between beliefs and practice (see 2.2), does not necessarily have to start off from beliefs to change classroom teaching, or vice versa.
In the last decades, PD research has led to the development of PD itself and related quality criteria. It is now commonly accepted that PD courses should (cf. Barzel & Selter, 2015) :
• take teachers' needs into account (Guskey, 2000) • combine seminar phases with learning on-job at school (Lipowsky & Rzejak, 2012 );
• be long-term (Tirosh & Graeber, 2003) ;
• stimulate cooperation between teachers (Barzel & Selter, 2015) ;
• be relevant to teaching practice (Barzel & Selter, 2015) ; and
• foster teachers' reflection on their beliefs about mathematics teaching (cf. Tirosh & Graeber, 2003 , Barzel & Selter, 2015 .
The Primas PD model was designed based on the quality criteria described above. In the seminar phases, teachers worked on classroom activities that illustrated the pedagogical challenges of IBL and watched other teachers using these same activities through use of video. In the learning on-job phase, teachers were encouraged to adapt and use the activities in their own classrooms. Finally, in the next seminar session, teachers met to share classroom experiences and discuss the pedagogical implications starting off from teachers' beliefs. We repeated this cyclic process at each PD event, as new pedagogical issues were addressed.
We designed the PD activities into seven modules (see Table 1 ). Modules 1 and 2 introduced teachers to inquiry-based learning. We included tasks with a direct connection to the curriculum (Module 3: Learning concepts through IBL) and also used big projects not directly connected to the content of the curriculum but focused on inquiry competences (see 2.1). In particular modules 4-7 focused on the role of students and teachers as their roles change when doing inquiry (see above). We also explicitly included the inquiry circle in modules 1 and 7 (Table 1) . Table 1 . Topics addressed in the Primas PD course.
For example in Module 2 (see table 1 ) teachers were given the table tennis task as shown in Fig. 2 . They were asked to work through the structured problem carefully, list all the decisions that are being made for the students, and revise the problem so that some of these decisions are handed back to students. In the next step, they were asked to discuss pedagogical issues that may arise when using the open version in class and how to overcome them. Next teachers watched a video on the implementation of the problem at school and discussed emerging issues. Afterwards they planned their own lesson with the tennis tournament problem. Back at school they implemented the task. In the next seminar lesson, they presented their lesson, showed student work, and highlighted challenges which were discussed in the group.
We implemented the seven modules in all 12 partner countries. For this, the overall international concept of the Primas PD courses was adapted nationally. However, the adaptations made did not conflict with the overall principles as described above and mainly concerned the organizational framing. In order to ensure quality across countries, we discussed the overall PD principles and their implementation into the PD course at the biannual project meetings. In each country, project partners selected and briefed further math education experts who then ran the courses. In 2012 and 2013, at least 100 teachers in each country took part in the PD courses. As we had to take into account the national contexts in each country for a successful implementation, the actual timeframe varied across countries (from several weeks to a few months). Reflecting on characteristics of questioning that encourage students to reflect, reason, and provide extended, thoughtful answers (focus on teaching methods).
Students Working Collaboratively
Reflecting on the characteristics of student-student discussion that benefit learning the teacher role in managing discussion (focus on teaching methods). 6
Building on What Students already Know.
Considering the different ways teachers might use formative assessment to make effective use of students' prior knowledge and to support students. (focus on teaching methods). 7
Self and Peer Assessment.
Considering how to encourage students to take more responsibility for their own learning of IBL processes and to assess and improve each other's work? (teaching methods and repetition of the inquiry-circle).
Organizing a table tennis tournament
You have the job of organizing a table tennis tournament.
• 7 players will take part
• All matches are singles.
• Every player has to play each of the other players once. 
Methodological Approach
Case Study
To answer our research questions, we chose a case study approach as this approach aims at obtaining a "rich picture with many different kinds of insights coming from different angles, different kinds of information" (Thomas, 2011, p. 21 ). With our cases from different countries (see 3.2), we followed a multi-case design, which is often considered to be more robust than a single-case design (Yin, 2010) . One of the purposes of our case study was to gain deeper insights into the developing of beliefs of IBL and into the relationship between these interpretations and teachers' perceived classroom practices. As opposed to other methods, within the case study approach the different cases of the multi-case design do not have to fulfill identical contextual conditions, nor must the sample give a complete picture of the whole (Yin, 2010) . Therefore, the multi-case study design fit ideally to the project design because partners all implemented PD courses using the same principles and modules, but had to adapt the concept to their national conditions. We used a case analysis which can be carried out across cases independent of whether they are independent research studies or part of the same one (Yin, 2010) , as in our case.
Conducting international research can be considered to be more complex than national research. One reason for this is the variability of constraining factors that might be viewed as fixed in a national context, such as language(s) spoken, cultural norms, and understanding of technical terms concerned (Baistow, 2000) . Further, due to constraints of time and money, a translation of all qualitative data in an international project is practically impossible (Baistow, 2000) -and there is always the risk of changes in meaning and nuance to the data during translation. Additionally, it was also impossible for one person to centrally collect all data across Europe. Therefore, we decided that each country would collect the data in the nation's language(s), evaluate the collected national data, and then write a case study in English about the results.
We ensured that data collection and evaluation procedures were performed as intended in all partner countries by the following means. Firstly, each country appointed a country-evaluation expert experienced in evaluation who carried out data collection (interviews) and evaluation and wrote the case study. For reasons of objectivity, this person was not involved in running the PD courses. All country-evaluation experts jointly formed the project's case study team that was led by the authors of this paper. Secondly, we ensured standardized data collection through standardized semi-structured interview guides and interview training workshops with the country-evaluation experts. We then agreed a common method of evaluation (see below). Finally, we developed a common case study framework with guiding questions for all participants.
Sample
Within the case study approach, the sample is not meant to be representative. It is also not meant to show the quality of the whole (Thomas, 2011) . It is rather, as Thomas puts it a choice, or selection. The cases should be selected so as to best illuminate the research questions (Yin, 2010) . Therefore, personal knowledge about the potential case is needed in order to select appropriate cases (Yin, 2010) . For example, cases can be good examples of something, classical cases, or outlier cases showing something different from the norm.
As the sample does not have to be representative, there is no minimal or maximum size given. The size of the selection should be chosen so as to have the potential to answer the research questions and give a rich picture of the situation (cf. Yin, 2010; Thomas, 2011) . We therefore asked all partner countries to select two teachers participating in their PD course so as to have more than one case per country, yet keep the amount of data feasible.
The cases were all teachers who taught students between ages 11 and 19. Most teachers taught both mathematics and science, and only some of them only one of the subjects. Within the project's case study team, we discussed how to select the best possible cases. For example, we could have chosen teachers who teach students of the same age (e.g. 11-12 year old students), or teachers of the same age group etc. However, after careful reflection we decided to follow Yin (2010) and to have country-evaluation experts select classical cases which would best illuminate the research questions based on their knowledge about participating teachers. In this paper we focus on teachers teaching mathematics.
Thus, the cases represented here are classical cases from the national PD courses. Naturally and in accordance with the case study theory (see above), we do not claim our typology to be comprehensive (see results), there might be many more types of teachers' beliefs of IBL. We merely state that these three types seem to exist and that they could be reconstructed across 11 countries. Table 2 gives an overview of the cases. Naturally, all cases come from different cultural backgrounds, with differences in teaching traditions, initial teacher education, school organization, in-service PD, and curricula (for details see Dorier & Garcia, 2013; Engeln, Euler & Maass, 2013) . The international analysis results we report on here are based on 17 cases across 11 countries from our originally planned 24 cases out of 12 countries. The remaining teachers could not be included because of not having mathematics as a subject (2), withdrawals during the study (3), and local difficulties in obtaining access (2). Due to ethical reasons, participation in the data collection was voluntary.
Data Collection
Interviews are the most important sources of case study evidence (Yin, 2010) . Therefore, for each case we conducted, among others, two interviews (one at the beginning of the PD and the other near the end). The aim of the interviews was to find out how teachers across Europe come to interpret IBL and how these characterizations relate to their perceived IBL enactments. In order to identify possible influencing factors to the research questions, our common, semi-structured interview guide tackled a broader range of aspects (see Annex). The interviews lasted between 30 and 60 minutes.
Data Evaluation
A coded evaluation of the interviews was carried out using a coding approach (cf. Strauss & Corbin, 1998) . We proceeded in three steps.
First, the country-evaluation experts analyzed the transcribed interviews in their languages using open codes and theoretical codes. An open code is a phrase taken directly from the interview text. For example, if a teacher says: "IBL means deeper understanding of content," you can then use "Deeper understanding" as a code. A theoretical code is set up in advance based on theoretical knowledge. For example, based on our definition you could set up the code "IBL means understanding of the nature of mathematics." The authors developed the theoretical codes based on the theoretical background as outlined here in this paper. The theoretical codes regarding teachers' beliefs included their understanding of IBL, different aims seen for IBL, its connection to day-to-day teaching, challenges, and benefits related to IBL. For example, in relation to the aims seen for IBL, we used the codes "motivation," "creativity," "understanding the nature of mathematics," "reasoning," "critical reflection," "interdisciplinarity," "connection to reality," "lifelong learning," "IBL is meaningful," "getting insight into the inquiry process," "process competences," "deeper understanding," and "better prepared for assessment".
Each partner received a list of the codes including explanations. In workshops during project meetings, we discussed the meaning of the codes and also coded parts of the interviews together so as to ensure a common understanding of them.
Second, all country-evaluation experts wrote their case studies based on the common case study framework (not presented here due to its length, but can be provided upon request). These experts are the case study narrators.
Third, the authors analyzed the above mentioned interview section of all case studies comparatively across countries. Consequently, this analysis included the entire case study text including direct quotations from the interviews and the text written by the narrators, which is a common procedure in cross-case analysis of case studies (Yin, 2010) . From each case, we wrote a description about main aspects of their beliefs on IBL (Kelle & Kluge, 1999) . We then sorted the cases into groups by looking for commonalities and differences. These comparisons led us to the insight that there were important categories for sorting the IBL interpretations. These categories were the understanding of IBL, aims of IBL, connection of IBL to the curriculum, tasks for IBL, challenges connected to IBL, and perceived enactment of IBL. Sorting the descriptions according to these categories led to three groups as described in results. Thus, we developed "types" (Kelle & Kluge, 1999) of teachers.
Study Results
The open data evaluation revealed that, over the course of the PD, teachers in our sample came to characterize IBL in three different ways. Six teachers developed the view that IBL is a peripheral activity mainly to motivate students (type A), five saw IBL as a collection of pedagogical practices designed to promote students' thinking and reasoning (type B), and the remaining six (type C) viewed IBL as a combination of activities and pedagogies intended to develop the capacity of students to engage in scientific processes and to learn scientific content (Table 3) . As we shall see, these interpretations became progressively more sophisticated and closer to the intended definition of IBL More interestingly; these interpretations seem to be closely related to the different ways teachers perceived their implementation of IBL in their classrooms. Table 3 groups teachers according to their reported experiences of IBL prior to the PD. The teachers with little or no prior experience of IBL came to interpret it in each of these different ways, whereas those with some prior experience came to regard IBL as "pedagogies for thinking" or for "scientific processes." The one teacher who had had a great deal of prior experience interpreted IBL as "scientific processes." This would support the view that there is a progression in these interpretations.
The focus of our evaluation was to establish belief types that gradually emerged during the PD and to relate these to the different ways in which teachers enacted IBL. Although this was not our focus, when it came to teachers' beliefs about IBL, we did not discover significant changes in beliefs during the PD course (except for one teacher). 
Type A: IBL as Classroom Activities for Motivating Students
Six of the teachers appeared to create a mental separation between IBL and the rest of their teaching. They viewed their "normal" priority as developing mathematical facts and procedures, whereas they viewed IBL as mainly recreational. For them, the aim of IBL was to develop motivation and, sometimes general thinking processes. For these teachers, teaching content had a higher priority, while IBL was marginalized. For example, Paula seemed to distinguish the "game" and "transmissive" teaching:
"When we want to cultivate the thinking processes the game [IBL] is more effective, and when we want some knowledge that can be measured in a test, then the game is not effective. What do we want at the end, a good result from the test? If we want the student to know the key terms, then we need to teach them that."
Martina from Spain appeared to have a similar perspective.
"The methodology that I usually use in class is to give them [students] exercises, …. From time to time, I propose a game … that makes them think…and get them out from the daily grind."
These teachers from Slovakia and Spain referred to IBL as a "game" -a recreational activity to make students think and provide relief from the daily "grind." It was common for teachers in this category to refer to the external assessment as defining the curriculum, and thus they relegated IBL as being "extra-curricular" because it is not assessed. These teachers also tended to assume that IBL requires a different kind of task than classical teaching does, namely one that is more substantial, such as extended projects. They saw IBL as difficult to integrate into an already overcrowded curriculum. In this respect, the Hungarian narrator wrote about Eva:
"She considered the [IBL] lesson as very useful with respect to collaborative work…to finding…different creative solutions. However, she expressed her feelings that such tasks can only be used seldom, e.g., at the end of a thematic session. It takes rather much time…and the tight schedule of the school year does not allow for using inquiry lessons more frequently."
In the same manner, Mary, one of the Cypriot teachers said, "I wish I could use more inquiry in my lessons, but there is so little time for extra-curricular activities."
In summary, in this belief category, IBL is viewed as an approach to the development of motivation and/or process skills that lie outside the teacher's main task, which is to inculcate scientific facts and procedures that will be tested in the examinations. IBL is viewed as requiring additional, time-consuming tasks, such as investigations or extended projects. This viewpoint marginalizes IBL; it becomes an occasional activity that, while worthwhile, is only to be introduced after the serious work of the curriculum is done. Understandably, the teachers in this category perceived fewest changes to their practice.
Type B: IBL as Pedagogical Practices for Promoting Thinking and Reasoning
This group of teachers seemed to consider IBL as a collection of pedagogical practices that may be used at any time, irrespective of the curriculum area being considered. IBL is associated with: open questioning; discussion; dialogic teaching; or group-work designed with the aim to foster students' thinking and reasoning. Often these thinking and reasoning skills were left vague and expressed incoherently. For example, the English narrator reported that Ben considered IBL as an integral part of mathematics learning, "Increasingly, IBL has for him been a way of organizing a pedagogical experience to achieve certain outcomes, rather than a discrete activity to be considered outside the regular curricular framework."
This view does not necessarily associate IBL with extended tasks. The English narrator said of Ben, "One of the key tactics is to adapt quite standard curriculum tasks by making them more open. Asking pupils a more open question, he says, leads to greater engagement." Similarly, Andy said in his interview, "I think that since we started doing this I have been a bit more patient, not rushing to give, [but] holding back and letting them think. I have been doing that quite a bit."
Even though IBL is viewed as being easily integrated into the curriculum, these pedagogical practices are still perceived as more time consuming than more traditional transmission methods. For example, the narrator from the Netherlands reported, "Both teachers mention that time pressure is sometimes a problem for preparing and conducting IBL. Classroom discussions can be time consuming." However, in contrast to the teachers in group A, group B teachers tended to see the issue of lack of time as a challenge to be overcome, rather than as an immovable obstacle. As Ben said, "So you know you've got to kind of think well, I can't do this all the time because of the volume of time it would take to plan, but we need to fit some in somewhere."
In summary, the type B teachers viewed IBL as a collection of pedagogical practices applicable to all mathematics lessons. This clearly distinguishes type B from type A. However, the type B teachers did not yet appear to have developed a coherent way of organizing these practices into a conceptual framework that may be termed IBL. In general, the teachers in this category said that they changed their teaching to a moderate extent through the course of the PD by incorporating particular pedagogical features into their practice, such as more open questioning or more collaborative discussion. For example, Stein explained:
"Yes, the changes I've made are that I have become more aware of the use of discussion and that I play on student statements. It is important that I allow a student to give the answer instead of giving the answer myself."
Type C: IBL as Learning the Processes and Content of Science and Mathematics
A third group of teachers seemed to have developed a more complex view of IBL than the previous two. They considered IBL as a seminal component of the curriculum requiring a distinct set of tasks pedagogies to develop a coherent set of learning outcomes that are a set of scientific process skills and the learning of scientific content.
Thomas, for example, described IBL as, "It is related to going through the inquiry circle and developing sequences of teaching where one gets all the way round." The Danish narrator further explained that for Thomas, practical work using IBL differed from work where the objective was to demonstrate the correctness of some physical theory. Thomas said he used IBL sessions to teach competencies, such as experimental competency and variable control competences. Apparently, Thomas had a more systematic focus on the goals of IBL. He saw these goals within a coherent framework, the inquiry cycle. Unlike type B teachers, Thomas had a clearer view of intended learning outcomes.
Mary gave an example about how teachers foreground the active role of students in conducting their own investigations, "Inquiry is about giving priority to students to generate explanations and engage in critical discourse...these [activities] include engaging the students in scientific questions, [and] conducting investigations in solving complex problems."
Type C teachers also did recognize IBL's motivational power, however they saw it as a by-product, and not a main focus. Jan, for example, illustrated how he captured students' interest while they jointly generated questions in his mathematics lessons.
"When I introduced parabolas…we used nerf guns and recorded the trajectory with a camcorder. The pupils could physically see how the trajectory changed. They were asked to estimate the curve's height and the distance flown.… The pupils understood the connection between work angles, distance, and height very soon.…We thought that the IBL way of introducing quadratics helped the pupils to cope much better with the topic itself than it would have been by teaching in the traditional way."
The type C teachers appeared to believe that IBL should serve like an essential component of a balanced diet as Jan explained, "There are topics where IBL doesn't make any sense.
[…] I think it's best if you have a good mix of everything."
Some teachers in this group (e.g. Jan) saw the potential for IBL to enhance conceptual understanding. Others, like Uffe, as the Danish narrator said, thought that, "… the [IBL] task could contribute to the students' learning of important mathematics such as…measuring and calculating with units…and using linear functions to model a practical phenomenon." Teachers in this group also considered a lack of time as a challenge, however as opposed to group A teachers, it did not prevent them from including IBL into their teaching. Instead, they tended to look for strategies to deal with the time issue, as the example of Johanna shows:
"My learning experience is: Simply bearing in mind that there are different tasks than just the standard ones. You invest time, but it makes sense to do so. Also I recognized that not just the mathematical/technical components are important, but on the students' side there is also an increase in other skills."
Other teachers cited the increased understanding that students gain as a sufficient reason to include IBL (e.g. Jan).
To summarize, this view of IBL recognizes that students must actively engage in a complex cycle of scientific processes. Teaching the inquiry cycle is an important, central part of every student's scientific education. While it may not always be possible to teach some aspects of content through inquiry, IBL may motivate and support the learning of content.
This more sophisticated viewpoint recognizes that content and process may be taught together, task design is important, and that appropriate pedagogies are required. As these teachers considered IBL as a seminal component of the curriculum connected with a coherent set of learning outcomes, they were inclined to find reasons to overcome time issues.
Over the course of the PD, the teachers in this category perceived themselves to have attained a high level of IBL in their thinking and practice. Thomas described his teaching prior to the PD course, "I did not have any experience with the inquiry circle used in the PD-course, but I had used some sub-elements of the circle. I did not think about the process as a complete circle of inquiry." Apparently, the PD course assisted him in his thinking about IBL and he became more focused on using the entire inquiry circle.
Discussion
Contributions to Theory
This paper contributes to the theoretical discussion regarding mathematics teachers' beliefs and the impact of professional development on IBL, as it contrasts the intended understanding of IBL (as an outcome of a PD course) with the beliefs teachers' develop. The identification of the mathematics teachers' interpretations of IBL is relevant for informing the theoretical discussion, as these beliefs seem to impact the teachers' enactment of IBL in class, at least from the perspective of teachers.
In the following, we will first discuss factors which mediated our results, and afterwards outline consequences for further professional development studies.
The different interpretations of IBL our three types show apparently have been mediated by many different factors. First of all, in this international study we evaluated teachers from 11 different countries. Clearly, the results have been mediated by the national contexts. This is also indicated by our results as shown in Table 3 . Here teachers from the same country are found in the same group of teachers. We already pointed out that there are country-specific differences as regards, for example, initial teacher education, PD, and curricula. However, there are also commonalities: A comparative analysis of education documents and curricula showed that in all partner countries, there were explicit signs of evolution in favor of IBL. In some countries, this orientation in pedagogy was quite recent (Cyprus, Germany, Hungary, Malta, Slovakia, Spain, Romania). By contrast in others (England, Norway, the Netherlands, Denmark, Switzerland), there was a long tradition of constructivist pedagogy (Dorier & Garcia, 2013) . This balance between differences and commonalities across countries as observed in Primas is in line with observations from TIMSS (Trends in International Mathematics and Science Study): "Even though teaching in a given country may exhibit a common pattern […] and there was some convergence across all countries." (Givvin et al. 2005) Naturally, these interpretations of IBL have not only been mediated by teachers' national contexts, but also by the actual length of the course, the multiplier who ran the PD course, the school context the teacher works in (Joubert & Southerland, 2009) , and also their prior beliefs on mathematics (Maass, 2011) . More research is needed to evaluate more specifically how these factors mediate the specific interpretations.
Apart from these factors which may differ from teacher to teacher, we need to be aware that teachers interpretations surely also have been influenced by our IBL definition, as well as the PD course design. This leads to important consequences for future professional development on IBL, which we will outline now.
We will have a look at our definition of IBL (see 2.1) first. When we compare the aims the three types see for IBL with our definition, and in particular with the section "valued outcomes," we can identify important differences. We can see that type A apparently did not internalize the "valued outcomes," as these teachers mainly referred to motivation and only sometimes to general thinking processes. Additionally, they did not seem to consider these outcomes to be as important as the learning of content. Type B seemed to focus more on pedagogical practices and thereby, apparently took over aspects of the definition which are expressed in the sections "teachers' guidance," "classroom culture," "types of questions," and "what students do," but much less on the specific "valued outcomes" like inquiring minds, preparing students for an uncertain future, and lifelong learning and understanding the nature of mathematics. Only type C seemed to have internalized these valued outcomes. In their descriptions of their interpretation of IBL these teachers referred to scientific process skills and to the inquiry circle and hereby, to exploring situations, asking questions, seeking for explanations, and so forth. Additionally, some of these teachers referred to a deeper understanding of mathematical content.
The definition we gave to teachers was intended to be pragmatic and useful for teachers and to convey an unambiguous picture of IBL. Nevertheless, it apparently allowed for the three different interpretations. The three groups seemed to have a different focus on the "valued outcomes." Type A seemed to more or less ignore them, type B seemed to focus on pedagogical practices, whilst only type C seemed to have a concrete understanding of them. Building on these insights, we would change the definition for future PD: It might be useful to alter the valued outcomes in the definition to have more concrete and clear outcomes that are more easily accessed by teachers, such as: deeper understanding of content knowledge, knowledge on inquiry processes as carried out by mathematicians, and knowledge on how to use mathematics content in inquiry-processes.
Furthermore, in a future PD course, we would put more emphasis on the reflection of beliefs about IBL. As was described above (see 2.3) we explicitly included reflection on teachers' beliefs into the design of the course. However, we focused on teachers' beliefs on mathematics education in general and did not reflect on teachers' beliefs on IBL. Based on the insights gained in this study, we would change this.
This insight also leads to consequences for the theory-based quality criteria for professional development courses (see 2.2) and therefore again contributes to theory-building. We would suggest changing the criterion "foster teachers' reflection on their beliefs about mathematics teaching and their teaching experiences" (see 2.3) to "foster reflection on their beliefs about mathematics and teaching experiences and in particular about the teaching approach to be conveyed."
Naturally, our results are in line with other studies which pointed out a close connection between beliefs and teaching (e.g. Roesken-Winter, Schüler et al., 2015) . In accordance with the interconnected model from Clarke and Hollingworth (2002) , we can conclude that teachers' beliefs are indeed a factor influencing the outcomes of a PD course. However, our study goes beyond these results by showing how the beliefs of the teaching approach at hand (here IBL) may influence the (perceived) day-to-day teaching and therefore need to be considered in the design of a related PD course (see below).
In line with related studies in science education, our results show that the real outcome does not always conform to the intended outcome (Marshall & Smart, 2013 , Panjwani, 2015 . Also in line with Marshall and Smart 2013, our study indicates that teachers' interpretations after a PD can vary from more superficial to more sophisticated interpretations. However, our study goes beyond the above mentioned studies for the following reasons: (1) it relates to mathematics teachers; (2) it is an international study and therefore has a broader research basis; and (3) the explorative character of the study allowed reconstructing three different types of interpretations we did not know about before. As the reconstruction of these three types is based on 17 cases from 11 countries they are naturally not comprehensive and there might well be other cases, but the study shows that at least these three types exist.
Limitations and Further Research
This study is only small-scale and so we cannot claim that these three perspectives on IBL we found are the only perspectives teachers may develop. Further larger scale studies might be necessary for this.
Further, to keep this international study feasible we looked at two teachers per country. This sample size did not allow for a comparative study across countries and therefore we treated all case studies from different countries as one sample. Thus, we can consider our study as an explorative study. A future study with bigger sample sizes within the countries would allow for cross-country comparison.
To collect the data and write the case studies for the different countries we had to rely on different country-evaluation experts. Although we took measures to ensure comparability, it might be valuable to carry out a similar study in one country, thus without language difficulties, and compare the results with the study at hand.
This study relies on self-reports of teachers in interviews. To obtain a much more in-depth look into impacting factors, a study taking into account the PD course leaders, their beliefs, and their teaching would be worthwhile.
Additionally, in further research the mediating factors as outlined above, e.g. the country specific contexts, the school context, etc., could be included in the study, for example in a study involving only two countries.
To deepen insights into belief structures and their connections (Green, 1971 ), a study researching teachers' beliefs about IBL and about mathematics education in general would be required. Thus, the study indicates important directions for future research.
Summing up, this paper contributes to the theoretical discussion regarding the implementation of IBL into day-to-day mathematics teaching practice as it contrasts the intended understanding of IBL (as an outcome of a PD course) with the beliefs teachers' develop. The results of our study highlight the necessity to take into account not only teachers' beliefs on mathematics education in general, but also the beliefs they develop for the teaching approach at hand. As these beliefs also seem to influence teachers' (perceived) enactment of IBL, they need to be considered in the design of a related PD course. By this, we also contribute to the further development of theory-based quality criteria on professional development.
